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1. Introduction

The CLII'Rreit 111tTC1Cýt ill ll\ j)VCI QOlli( l1ON\ ~ill\ Igoi 8t(2- t ile lilt(2 cl-d(isplihlild P1Cle'Cit.Iiol (11(.111-

1(81 kiiict l(.- and( avro(\idviimc~s. iliidt jprot'rcx hji 'el ~ iljtUc lit 'lilti latll'n~. tie-

ii0ii4( ju iii11111 br ui hsoniat ionl piieniieiot n.l11 for high"l tell q)~ipcraure all, as.,o~dt d with liv j)( --

~-n':lg1i 1, ~ lwnt eenry e'Ao agseu I1171 of11 thjeles ji"( Q it, '11MU(X. Ill(

"~tatc(. t it( oa,, jitoills iollizv. Th11 1(-)\ It- dae-d padl I(15o i oizdg~ ix 1(.vi

lil t 1111. (rcate al1 (Aectrolllaglletic field1 11(1 lilt roduce anl ad(1itiOlidl diIl'USjoii j)r-o4:( s flit

enrytralnsierC. A seemlingly unirelated currenit linterest, ill ra'dar crs-etloll reduct i.on~l

Pesejirecli also reed v(.s (onlsiderablle at teiitioiP6.7-. in, titI sýcieiitilic (Icilitc majolju por.-

tionl of thle effort lius~t conicenltrate oil aiialvZiiig tilie scat terinig or i'fotii ft wave, tit a~ll
(21C~~~t In(l~(V ~J t ils se(71182. t11(- two (AlitilelV (hillk2~ i~i f18jll liCj

('0li111l0ll iiitcrest. iialicily to acquire aibt 1)te(, nltcl capail)itY for- tit(e (2lctroliaIlict iC

lIi(21, t.

Both HIC for-Ced dilfui~on of all oiolze1 hevterogenellous gas-ous muixtutre ili([ the catein

jill( 2115il of (2(cctroillagllctlc Nvjivv: fronit rjtdiaitfiig I)0(les Cjill beC (lecrilbf by\ 111(2 1il~le-,

(lep-lienelt Maxwell eqjuationls. The svstenli of partial dlifferential ecjuatiolis is llylp(erblolc-

anld is all nult ia-value problem'*2 . S11nce tile eg vausOf til vse n Of equ~atiols are, real.

t11(2 va1tics jiloil" two iiiters-ctiiig chijiracterist icS (eterinille the solu1tioii everywherie. 811(1

anyV (ficonitinuities, of a givenl solutionl wottld be Conitiiiued into thle interior domlainl. For

all fin ite-dilferenice t nill-(oiilail approxiiiiationus of the M\-axwecll equat ionis, a f Un1dalinet al

(l1inielllj arises. froiii the lcces'sity to impllose bounda1ry Cond(itionls O-Iti fliit(2 spatial (101118111

to anl Hilitijil- valu( p~rob~leml. 11i add(itionl to thei05Ile (oýilc egradlationl of thle nlume(rical s,,olutioll

accuracy of the initeractinig illeideAit all([ sCatteriiig wave patterlis,. the reflectin~g wave.- from

tile ar-tilicial boundaries, lead1 to erroiie-ous, accunitilajtiolis of energy lin tile compu~ttationlal

(loilljiill. leadling. lil turn, to unrealistic niodulatin of th aealht(e' ulrous



ap pro1l i at loll-- over. t 11(.' VearS hit-- VC beeil dc\ clupedtIQ4_v to o~lO It di' 4lci(11i1 litI11

lI IIQ,,t fr-C t(111C It dd)td It1.uI(I icial prce I(' li rc in I~~ auab[dvthat of 1% 1 Is t and .\Aj ho "K I i

t1IW( i Ij) [)FuaCh. t lIeI Lil I.()uti'l(t I s 'lUITQU Iti IQ,¶ at. I Výit It it iCiitt bQujId1,aTies" i. sI iffiltatted1 bv It'iIlusj

absri)0 lugl'.,OI41 boundary c ludtills. III 'p)ic (.4u it, a (CSIl pplicaio vll. th li pp~jruxill lit I

I)ULilldalv Cl(Aldit ionl. lIioM\e( . ,till is ililiereiji Iv Iiii tc(l It as d)[licd to thli total lB Id "<

.\iiut 1(1IilCt itc(211 ansi 112! [10111 ILInCii(,6led ii~ltbs 14 01C luada UjiitCtnani\

is all L11i2c 'lt l iccdc([ illii)lu\4 liCII ii i llB 'rIIIi(ail ef lie jern: A tit) b wawIv ygat~diL1ion

JplicntiloIIion. 1h 11~dc( Ud t C t1i1llinc I lri<_sol Du'Q~t iou Of \ViIVC J )icket.. at it g24\C(-ii Irequeiicv ius

([ict atcd Lv t he aiiiiiitiiliL wvziv iuuibcr wit hin l f.r' iCqutCllc range. A't all (2Xtrciii(A high

f(2(jtielic\. c."'. -uglet raulgc. t lie- IC(jti1irel 1-iiuiiibe 0of (liSCJCtiZCdl (ltatIl 101(2 to solVC it

praotical cl1igillc(2y il!1)10)(21 prole (isciuflhloU.'.'ý 114 'Th a.i',cgdtcd (ul5c(jucicciCus that large

aiiiuttilits of data arc to L~ r(2 )ECswt'. usuahlvly at coldit iOliaIIý StablCl nuuuuerICi~al algoi it hIll) .

whlichi limiiit, s tir ('ajlbiljt v in t his area of schilitilic eiimleavor. A po;ssiblel alteriiativc( Iinay be

'[en vedt frontl t he recenlt adtvances, in IIuXsjMl Nig schl(iiie for solving thle Luler eqluat ions

in~~~ ~ ~ conmsutStu( ~ali, ((TD W . 17,. i8. 19.i~202 1

The flunalIneIital idea uA [tux-split tuig nie(_thiods, ill solving Ivjptcrbolic systems of equatiulis-

is' lbas(2( oil thC i(2 (2ig(2lVal IC aaltts'is'"16,17,. lit Iillitc-(Iiflelticc app)roximiationis. tli(2wel

[)osc(2(tie.s ic~quirclliBtut and4 t11( iuiiierical stabilitY of the s)olvinlg schemile wae ultliiiat(ely

hinkC(1 to eit'CuuValueIS Of thI(2 governing C(2(juatiullsý` 2 2 3 . T1h( nulost recenit progres.s ini chlar-

act(.2ri.stic b~asedl and the( total variationi diniinishuing ('IVI)) schcin"iies1.23 denuionstratc that

ililli$1wal. stabilityv all( accuracy (:ali be dIrasticahll Impjroved by using ani appr'opriate2 finite

(ti[iCfl~ei~lclg fur Sl~jtli ILIX vectors according to the signs, of the eigenIvaIlues. Iiie5ll UC.

systemu Of equationis is u~aIijI)ulate~l to achieve the Ricuinaiiii. prob~lemi2 (. Fur 111(2 electro-

iliaglietic fi214 of radlar ,sIgnatl.I ureaalySis. the uIlaill concerili is the appirolpriate treatmniit

of incidenit and scattering wave p~ropagation front a r(Alecting body. Thus. the ehinijunation

of ulolij)I isical reflect iiig waVs fromt ar7tifiCial oulter b)oundaries is a paramiotunt Concern

2



dIl I o l I c ItC\ d I" 11 i l I it ic t(-I 1 1c(0 -i It l Id du1 .i< tj~ I 11( 1 (I -1( -ii - , .'Ii , ill I lit 1 1n1

I I5C' i Ip p i' IA I t -iiP I Ilislr\iV ((iid (jj 'iic 1 >1(' 'I~fA('i('i i ;lk ham 1UlIit)I~It It(, U1cid saII) ila CM 4 A

v -I or >1 uci sIr II (1 i. litII( jif I rot I I o I( ot I (A ltit d t Is Ii Ii slicit al-uor 1 ii o >1 1 u -) lic x\ 1

cq Itidl 141>

t, lic Iliix->Jplit Ii lig t ccI Iii' [t1c. to wc \c4i. lid>:: all 11 rIiwciii.( Ill I uIt at ti it I IIII t liii I 1t I t- A , lit will

I lidi ricc-s ofth -oeI111 u \(iii2 cquatidtlull \licii \\ iii tcii ii iii c\'tor 1,01-ii (:ali 1w d(I IiIU a s id l ,it

ii un)Ill\ one diiiic4iision I t t it licl( to; 17 1. Hlcicklore. lit Ii I IIllt 1d 111' lit o I id lld lt t 1> \ IP a -\i

110-iClI(ct lol fiouldlicb~l wav \cultol I.,(11 a>d~liicvdhic "Jill,\ otu wavd c 11144(510il \\,Ii WIt I ih(M

(ioiildliat oriciltitt o11. Ill pi-iv.iple. Ihl Ins Idvoid Ac cii'.itioii I,,- at. dilid I ic Iv )Y ith . a

Mdxwcll cylttidlolls ill gculicil (-tit'%ilniclai coordiliditcs. Oil th aticfdicial~d fdriCiI(Id lu a\

th lc oordliiitc, \vIii bc idaldtc~d to ali"!ji withi Ilie prinicipal ~i of i the V 1)101 prdpg~dit.(I 1ou

cliillild Ic or at Icaslt to Ii un iiuiitc uii(.csrlicbl wavi c iA.'lc~tiou i. Onl ttic jit c-iidcc of, dilcck": tnc

liicdlid of (Aiffcrciit crIIn~tvt Ic i. ic. I hc CoiiipicX (81. tciut iiapc wxill Ic pren'bcd isv d h0 l

coitoiialcoordjinate Tutc. 11w 0ur 1-Iot xxdd norml1. I-cqjuiicd Lx) t1e Ijotiidarvy

r-clitt iuiiiIlTS of tIL' lucCMU OI bclruugli clcd'Ci c ca.,Ilv 4.:olipljaicd.

Ill 'siiiiiuirx. tI( iic j.rccit IIiv(.,5t ig~ilolla dcl(7 o eeul AICVl 111145t lvlI iiiiti(TIiwi(di J)1o0C(l 4iAC.` for'

.ol'0ii thI I ticiiic-dcpcuidcii .2Ix\dx(dil equtidionis iii lic Spadce. llic' flu( icIItx dciisit Vd\

* I li~te iuiaglict ic Ilttx dciisItv w xiliI( di~oul Ibe trwo d kv it(a"oiiaiiZ'Iig malitri. to 'cjIircilvridu

dlolii,g th lc ipcsIcci.c cidrdccil.ciit ics. "I'lic 51,)111 ad 111 iicoipIjcdl Ilux vector, x~~ wi Lc solv c d

* is~hv >ccuiid-01.4.tcr t('iiiiordl and1518 saidiiV wilidlwadi( ii aptdldui( i))1oXuid it iolls.
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2. Analysis

M axwel,',('l'.', e',q,.at h ll., I'(,,,- thc'(h(t ,tzaz~ 'i clcli zLhl ,'- .• (,.' , I.t• )c',:•h , Wl n i II lu.x, \.,(:'t .

[or'It! ~~~~~ ~ ~ ~ () 1l.• .it("it/ F.lt'a't

OF Ox il i)l f),' W ," ll
_- 0~ ('42.1

dl - ut + d•• tt - (1(22

\\hlict. tIc(' ( c, Ii:j(')ilt llilt.iC( - .Jc kjlt. ll 4,I Ilux ,(' ,., lu \ A. B3. allo[ ('arc:

0 ( 4 4) 0 U

0 (.) ) () (U I

_ 4)0 0) (.)

U 4_) 4 4) () 4)

4) 0) -± 4) U 0)

1) o 4) o

o.) o) ) 1 o oj

0 00 0 0

0 4) (.) 4) U U

(2.:3)
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0, 0 4) 0. 4. ) j

lcIc I [K..1 .I.J.I,..i

1114' 4'i¶4'11\dllc'5 (it, 114t.' (:o4.ffici4' i it mill 4. IIC I . B. aiid ( alc B4tlcitit al. an'.l 11111l011 Itnlal 41 V

4411 Ill i tin 1 j)11 4.1ti 4 p(i tc' . 14.(. 1j1 1 )4't 4'x4'14'j54'4 1o 14) (115114' hat aill ixoi5S4.j14.(. c'1c.'1\c lo14 '1> l'

I14dIIVc tI i1141')11(1ccidcit.

A 0.F + 0- - 2. 1)

hY ~ ('1(I~ lii'. iliat lix cqua(41.1~141( - IA )A 4) . to 1114.' Jot4Iaii 1iiurIiial 1f01,11.

.\co' i i~to,11) i I4'fI2~ Ii w1ilt C0'I1.llat 1111 .N I4) k 3 B l C) cal11~''liaol Ii4.c1

I1114.11 1 114214. ('itSd iiuiisiiigtilai. hid triN ý '1.41 t ill.

Tc111 4'4lI4lI4'14)1 ,4)11cuoid 1114' el (.at4' an 1 lla 2 4) i. l)i'5.l~t iivcst "a 1411 Iol' i c\i 4)111 4)5 4)

"C4 1 4 rilli t . the~ ' cat tc.IA.cd. wa \4. arc. c4)11i4.i('IA.' to bccK lie ('11 112.1 11o541tIop*ic inei w.a s.'jara I(4led



lýItl III,- cw)1 a 1")h 811., '! I I (li t I4 14) t a'ol'4 '1181k t'. 11 4188 t1)11>1 w ith ofRI ' 814"'I % i \lid ilet~

11[4i?1111 14)1 111'[ >\s 41 / 44q)14141 811alc are 181114)111iC4 N 4.14 I)4C1.\LU4:.84 ~ijb41

("HI d( 141 >k >1.1 otf 4.li>4<i4.ti/cd '4[ 1 Ito loll 41.'~. (-)I a11 li111 )i4:it ~'4)lvi11g~ll'- ic t114 pe4.i1184.it-u4)11

II' 1>41 )t(.:4'4.11114 44:4114' u 11111' a44>ilA 814 14a.41 14) 8t \crY Alcflccit l1I.11114.'ii: pi4)4dic4.I1.

A7- --:- 0 2

0JU, (2.7)

'-'llla 11111cxpj)14. l',ii for t114 1 v"" 4)1 er c4)iloljlc)i011 are found ill t ie(- 16I4.'tca1 ilaiilici('. 1114.

till11 it.i1( I 'l i1>i4)1i11jP4lk1 w.ill 1)c. "j)1v(-.d I),\ C.tictll a \vIlld\\arJ( explicit. metCtlud or1 a1l 8)-

j)1.4)X illldt 144 .. 11I~~i) I (_.'I(t'I11.'ý A SCI(.'(.'h~tion1 of' 1IUIIIcI'icill algOrihill" iiis 1 0114.

o), 1114. 1n old.l rc'cS('8c1 g4)ikl". A criki I.('101 of, 1114. chl4cc( I", that 1114. a1g4)1'titl ii \('1( lo)w (li:i"'

p)8 iv \4'8144lid S).l~ ye(.rron)r ll ti I ll-, 4.'4u111.'4 ion. nuiliurical ,ýcheicu s wh.i 11ch call ,jat ify 1114



shift condilt ion ill the 1 dc'ciielcldtd 4Jl(-d.illicitlsioIndl si'et Iing is ogt " 1114, eas of

imiinetleitdl. lul of l)ounillydl c:0(111101 n Wi mt11. a scat terinig bodyl or the u'.ite e0111ltpua-

tiona1 Id 1(01ia iii is aliso dit major coiisi'.1 44 t loll. For it siIpiij )1'wdvc ('4 f lld 41. th 114' [11 1e1'1144c

545 I iks to hi t\ I)4'11bl 54'4 t owar the1 14cxp lici t Wvi ild\\d11iat101l\\aiihgd14114' '2

I ioc\\4r. it \\ 114f\diaA iulliphfinc1 1141114. also 1)054'5.' I his' 11ii64111 pr )operty and 15' ili4l1 14.14(

ill th 11.'sci'5.ilt ill\ cst ig'at iolV.

A critical ste'p 114 '14 is t.hat tile' linlitV di llerirciieiii is iuiipleiliieuted to 1101101 ti114' jh~id

orienlt at ion of thle wavae lr~aungdtio 1 . _ K 11 (X 1cl.. forx~iddl. dh\ddd fr.i u

of th pl. jatiat variables ate fo idfour the uieg:at iv\c and~ th pWJosit iv\e t'ig(.livalue r' 1esjct ti elv

lit geiieral. i tifurilat lut is protgaZ12ted Broni the, iuterior/exterior 0of 11e' Cottt it atiunat do1-

miaini to th Iihou011'ldiNa loi ch('idracteris"tc. 7. IS Thet (.'lraidt4.'ri5t it eutjdions. Lq (). at(e

PAYdl t 114 muaiClt )1151iviul~ and an,. (' fi l~lvd)1~it'blC. O11 t 114.' bO~tld(alriCs Of' th14.

401t11 )put al jiojatdl ~1iia iii. Jo list. chlard4:terist iv data to (.'st abuish tive (-xit wvave- bottuldarv cOn-

d.it ioiis. kiiow 14.'4.h"c of t 114.' orien'ltat ion of thle wave, fronit with l'csecfttt to tb 11.'IouiIndi'\ suildet.'

beeoi l4.'s e'5s4n1ital1. A unique[1.4. feat ui re of tlit(' eect rollag~llc.tit' hi(.'1( frovi(.lc' this requl~ired ill-

lortiatit olt liiit4f. Ill free' space4. the4 (.it'ett ion of wd\'. pr'opagatioun is al ways known 5111(4.

114' ce14cut onag timti: waves litove ini thle direttion eix'pei(idiculai' to bxoth th 11'et'ttii< anld

illdgll4't i(: li(.lds.1L5 : f . Nea Cdl'11. outt'' conitrol suriface. tilt t'larac'terist it C('(jatiolis will

lbe projecet.d to 1wt(' princ14ipal axis of' tlt.' wave mlot ions based oil the known loe-al solu~t ion.

A c:oord.inadte. tranisformiat ion frointi e 11.'(. arttsa liatit' to it genevral tcurvilinetar' :svstc'll t:ail

114',ii he4. ad4opted to eiisii'. Coordintate ahigniilleit withI wavc uinotioli. Allothcel adv'antage' of

tile e04)rdiljtatc tratlsfor~na~tion is t hat it pemmits a higli nuterijeat res-olution by local niesli

[cli11(.'1 ii4'it if nece:4ssary .13 . Mc.allWllile. the(- t'o11l~lCX' scat ter1ing body is, easily I't'1)reseultettd by

lbodv tcon formal cooi'di latc.s.

A genleral ecurviiline'ar toordlinate transformiationi is llltrodltted bx' defining a one-to-one rela-

tiotiship betw'ecn two Mset of i11(lefreldet W'AlileS. In thit presen'ut auialysis. the tcoor'dinate



5\ t71 I I L i (ic~ to th jdt I\ i It(L J((14-I < II(1 II(vilt 'ditb >

Ox -

A oIIC- to-oIIQ coor-di IIate t iniioFit a'U l~t loll CiIs cisid hlru 1 tI Ic lI Iio ivaiiilii I .IJ ac" k l I of'

0017rliiate traisfornliat ion. B1\ t he chauin ri11e of di1flleicit litloll. the MaxweAll((tt 01

tejiieIhe Iolloowiiig foni-I. iilrto t.hat ini the ( rtesai sstm

+t =UI + U B + o

Thme t pr-Ili7i.i~a )ohl'AlCl I5 " Cjepdtedl Into I 111c(, omle-(lIivlmlemlsollal f)Voblelll5 along

ei`Ach t rawmforlm('d cvordlinait( litic(' For the presciit purpo~sc. (-)IyII\,on compllonent of the(

Mitxwel(l (7(jldtiulls I )(s&mt4. yl1(7 oilir compoljioeits ar(7 niedll\ idellth al. (lill'erillg onlly

III thlecyci rot at ion of tme ImiCtrics of' coord~linaetrasuritin ii igenIVae ILo-f the

i11(mieraNl curvihmiecar svslnmar obtainled after somle algebraic nm ainijulatloll. As exp~ected.

t he functional lorm., arc simillar for all componecnts. In the transformled space and the dletail-s

m~ill notl b1-)(-, ie hereselci1c.c

011 + A-Mz =0 (.

IF -- FL( W'.U'.:3. W.1 . W:.-w,) (2.10)

+I Y

C_ _2+_ . C.) C.) 2 1
1 + 'C'! + I ?-J

.0( .1.



Foll Iowil" jug -,1 I Id jI4)r 44111 itu it, ILS~ inýc I evII j k~1opI~ t 11c charatltIerist i( t.( Litt Low fouu lth

(arttc-,Iatl s\tCu1 typi( idtl 54 f 01inarialit itl0I1" 0114 Co)( 44liIittv'i

+ (2.12)r ~JJ~- C J

L12 ± [ ( L E - E:L)-~X~I>i

+ )I,-',:Ij(2.123)
C:3 c, (,L' - cL, E c&L c -1 r1

±x C.1N 2.1

Wi~ ~ C' + [ C2 -&~

Z-- L,2 + +jq',±&&' (2.1(6)

ý, II± 1I, + C. CII- (2.17)

the nlume(_rical sýolutionl of tli(. \la\\A C11.eLuat.1ol i'S obtainled Inl characterPitmc varlalble~s by

thr4'Ce diffITeCiiC.11i Ojyert1torl (ujomi transfornie~l coordliiate lines5. F'orward1 or- back~ward Ijiijite-

d(lftlereilcc ajpproXilma tlons arc forme~d accorinig to the sign of the(. assý,Oclatct eigenxalue.

At thle 1)rc-'ilt taeof algorithli (Ievelopilnenit. omilly two-diill(2ici,-oflial '.iilittlationis are att-

tenl~ltecl to see.k confirmiation of the basic ccet.'les cases conivst,, of incident transversee

elec trie and in a-litetic wav~es 1)rolpa iat ing thiroughi a filiite compJ)ut atijonlla (loiailt and elec-

tromniugmieti lc -ulses georatd bv kil electrical currenit s;ource perpenidicular to the plane of

wave ittotiolis. Alt bougl thes sI nu la tc phecnomenia are elemecntary. they pose se-verely de-

niamuding" nlumlerical accuracly requ~riremnts, for (lescrilbilg di~scotitnious wave behavior and

yet poý,Ssses all eemtilfeat res of it scat ter ng I i(.-ld. Therefore. t he phmysical bountdary



C IIit QIl It iscttiIg I(JQ([ t IV lid D'IA t (1&I1)tV(-.l ill tiit, pruIcIt a1lyis lder this'

Iranirwurk. Ilulilerical results it'lect tfi heIcst puss,'ibk 1)1(2pefon~lI liace of t he iiew aiiuiirical

j)1V(-CCd Ltires.1 III .illililil t Iiig, t lie sicat t(2Iiiw elet uiia~giie.t Ic field.
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3. Numerical Methods

Suitce O lit. _\ldX\\vel cqtulat olvl are (iaguiilahz('( IIi Il cac "ptial 'lollt 1 andI coiiipeletclv

ullcouf)Ie(I In ternis,ý (f cn2oclivecturs, alit1 a.".ociatetdcgclvl CeidlUc.5 ( posit i c. 11(.gait y aitid nlull ).

tI lie wiiidwaid untetillet (1R.ciite afpproxiiliat loll1 V!, us(N to I ktte lt~c.,ci K theii jIl\sis "I'li

sot ~ ~ - Vi lfl f)~~ Cfr thle ei-envec:tor I icd to t lit, nuill vigei-allic (1> s ý andI(i. 1617) V_

trivial. Ixe. Othe unidirecOloli eiiŽ,envector is an Inivariant withi res"pet to tuiec lortit tWo

tliieii(lsioiial pr)ilul(l. oiiiy tWO sp)lit flux. C'(f1-ta 1011 with IioIzcro eigeiivaliie areC iitetle to

be IIle I Ninechi coordliate dIrectlonl. Iliree 'econld-ordler tceilloral and~ ,lpatial. exJ\pii(-t

aid Imiplicit nunieirical schemesc,, are IIlpkiii(eIIet4ed for the jpresllit I~II 'estiigatiloll. All the(

ahi-orithiiis consildered arc either based oin or related to \Varniinl" and tcallanf worksý for

the4- t wo-.step upwinld exp\Ilicit met hlod bv \Varmin'l. anld 13.an T has been1 adapted foi- solving"

OtheMxwl Nlauatious "til explicit sclienie h1as a cond~itionial stlablihtv prop)ertv that

rest iicts the(. allowable tiliii step bY a ('FL value of 2 for a onec-dinlienional proIblvili. Thell

tlieoretical Ininit Is, reduced to at value of 2/ v/"I' inl threec(-diniensil:ýon al siniuha tlolls-. Ill hpractical

appflicationis. thec allow'abIc tilici(>tef) 5iZC whliich is, thitate-d bV tliC iniiiiigridsjaii

c:an be tlrasticallv reduced e.ven niore by the thin filni partition:s of dielectric lmed~ia.

One(-dlimnionlIIal sý1tolution Of tlhis p~articular scieme sa tisfy- the, sIlut :ontli'tjonI2 9JJ at a `'IL

nuinber equal to I and 2. Solutionis that 10(5 this, uniqueLI f)roj1)ertY :ontainl no qu.asi1-

lh'Xlicl error and are therfore hlughlv desirable for accurate tlescriptiloli of reflected waves,

inl t lie far lie.4d of at sCat teriiii" l)rQblIIli. Inl te p~resent frlorniulation. theV t lo-te mthod

caii b~e sIlilpificid to a iigt -t) alg'orithiiii by suLbstitutin~g the j)red(hited result ito th

corrector. Thit resul-tanit fjnlite-dilferec(.'c atpproxin iat ionsI, for the po'sitive. and the necgatiVe

emgenlvalue eqfuations, acquire, the following forinis:



-tý O J u'i.j - _____ - ' t i 1j')] .+

\x

0 .j~ 1- J- - iJ , [(iJ) - 2wa 0 + lJ,j)I-+

WNiI + 2.j')] A < 0) (:3.2)

For the iulultidlimlelsionlal problenill thle cychic fractoional-s3tep sequenlce and~ the total suml

1)voc(xtLrc were ijicluded III theprsetnayss N umerical Solutions gene~rated froml both

proced-ures retainl second-order accuracy inl "pace and thime. There is es's-entially 110 (ll)ýL -

it V bet weeni solutionls by thesýe two explicit mlethlods. although the fractionial-step) mlet 10(

euiresadkitionlal dlata at tile Inte'rmediate te'mporal step. In addhition, the numerical clii-

cicuc tage of the fractional-step method over the total :sumu schemie no longer e~xists

for sýOvinlg waVe equLationIs. TherefoMe nio further effort was (leVOte(l to its, evolutionl at tile

lpreseit time. For the explicit methods. the numerical boundary conditions. at outer edge~s

of the comuputational~u domain are Qasily Impilelmentedl by s3pecifyinlg dlata of thle exact inl-

comlimi wave comlpcinetit and by enforcling the niull value of tile eigenivector inl the (lirectioli

of the(- exitinig wave.

Following thle deve'lopmenvt of Waý.T nmfg and Beams, trapezoidal, second-order imp~licit

ajpproxinliate- factored algorit hitis5 for solingte two-dimlensionlal hyperbolic 'system2 5-1. thle

finlite-difk'rentce approxmuiatmio cani be gvnas the following:

I + A1 0 Au" :-- -\I da" +
±T Ox) Jy=~ w



Oluc iiotcs t hat dAilriill-(11, dihcriti niiiii.rical 5 \es 111c d.hil, '1-iclk-ll opcriiton5 k)h not ac.t onl

wvithI t 1i-' iiext "patijal orici('t at loll nccdt to lkc ujpdatcdA bYv tic ilotrccilt acaic ulat loll. Thill. i

lie '6i Ict? consc.' u-(-Jcuc of' Our miakIilit to -,niult anclle dj1AtY naz all covclhcicnt mlat r-ICcs

Of hIC NL1MX\VCl I 4!(jLUt jlUis. inerclat jonsh-ipsý linkhing. thic cIgcii)(:t1 r and( tlIc elct.1roiiiao-

iict ncal lj(A41 varilabics arlc c-Xplicit anld iliauliil~igLIOU6. thlis InI:I\ConvCnucICC (koCzs not liliposc all

inhi bi)t jg (:015.trault? for fur-thcr - deveolojlntet inito t ircc dI iviicnsoiis. Onl the Othetr hland.

hcl aniticilpatcd futttire1 OCIIIiirazat ionl to iniclude arbitrary curvililicar. (oordinlatc.s anld di-

dclcitic mnedia wvill incur additional errors of finvarizat o-)S:3) Ill thle prcseiiAt iilvest Wa?. loull.

th le ,3Y.stvin Of cqltativit15 Is linlear bY virtutc of t lie lads(t, that all 1)llclioiite-Ila occur. w\itll litii a

Is-ot.rop c litidiutit and( all ixictrics, of coordinate t ranslorminatioarasiidcosatVle.

'Ilicrelorc. thle similar mlatrices Of (Iiagoiializatiofllar itr('IUcjeItdCent Of space.(: aikI tille andV

cani be brough"It in~to the dilerentlial oj)CraitOrS to cotjlWt h formuflaitionl. Othecrwiseý. theC

fiall charactte-ristic equ~atlonls call be achievedt 0111v alte-r at loc-al flnearization1 lprk(:ess. 1,this

i.however, ail inhierenit featNIUrC Of using11 nupl)1(ict etosto soIVe at liollilnar equatioli

Ilit the- original work of Warmingn anld lBeuin onl the( cons,,ýtructiloll of nimplicit factored ,sclw7Incs

for hlyperbolic ste iis. trapjezoidtal formula InI tulne aidI fintecrn ally iiicol!.iisisteiit winid-

waýrdl schiciei wasý etli hed ltcruial icnstcyimplies, that the c-xpl )cit and1 Implicit
differnciugii for temiporal evaluation are unubalamiced. Tlim explicit ( IV1S ) dI'llecigi

gm ve itb thIrec-Ipoint oncv-:sidvd alplroximllat'omil. wherea's the impijlicit (L-uS ) dIflleecigi

represenited by at two-p oiiit onle-sided appjroxinia tiloll. Althoughl the. lattecr differece ~approx-

iuiat ion I., lirst-ordler. it olperatcsý onl the IinlcritenAt of characteristics. kmi([ as a :onIseqluem-ICC

the rcfti icg s ch e is slpat allY m.,coli(1-order for anly fxdratio of temimloral and( Spatial

Uin-crc(-Ituents 5 . ITllis jImplicit schiemne Is condit ionally stable for Ilhe trap~ezoidal formula and



it .'allifics thc ,Iilft coniditioni at ('IL c(jtll to 1. llw 1)1V-ciiAt tlllc-ceiitl(ýI- and c(Jili 1i tIt

hlrcc-J)Uillt %viiidward sdc~IlIic I., dc'~ duped froml thi.-,fralIiewvorh. Thc j)o~lnt of dejparturIc

fic." III the fact t hat the govurnlighijrloicsvteiio 0 qutl'i is' tln'ou1 IeAd by dhag

utializat loll. 111(2 j1)cl~ta(iagoilal coefficient nIatrnx strttct urc of a bidirectionial w'lindward

d~ilerei-ciciiig apjnroxiiiat ionl IS lIIIInateZIt. III tK jlIe peei~t Sl)lit f1lux inIijAicit florIuIla t 1011

ealdi characterlistic e(_Juation canl be cas.t Inito a sliiij)1( bidiagonial mnatriX struct ure and 0the

IIIerloll process- I'- staihtowad. le spewcific ecluatioii3 solved arc:

X sweep: For A > 0:

[t:( -2.+ LL1"(i - 2,j]

+ 2)) +

ty 1. + + (cy+) 2

For A < 0:
[1-3 (Ate3u.2L

(;1) +t~ +- u) ±~I +L)-

.1 (Ax)[;( 1 2.j +1 +~( f 2,j)

w(i.j - 2)) + (:3 tvj J)-

*Iu7(I. j + I) + icy( 1. j + 2))](

F'or A 0:

w~(i -1) + ~i~j+ I)- u(ij + I)]-:37

+ 1-(ij1Ay37



Y sweep: For A > U:

I ~ ~ )2) 2-

For A < 0: I jji + + ~) w;L

' ( ()cL',t~' i. j + 2) - + (i±2) +]

For A\ = 0:

tl'H-I'j v; (3.10)

In gelleral. the algorithml is unconditionally stable %vhciiaujIe to a ,iimpl)c %vavc <exjtatioil.

a feat ure wh-Iich nmay Ib very_ Valudibie in illuprO\vilig numer0ical C1liCieiicy for (.011 Ij)Utatiollal

tedfnquesin elctroagnetc, (T e lenintary stablitv analysis of this- algorithni

-ellte( 1 b the InOdiUIus Of aInj~liliCatiOll faCtor and1 tile e(ti'eph error inl ligUres I

and 2. respectively. 'The vaIlues Of InOd~lUls are depicted for the range of (TFL nuiberslCl.,

from 0.7.5 to 5.0. It is clear that time n1unIericall Method is dlissip~ative and the numerical

error is (Imnlilslled mnonotonicallv as,, (FL is increae(1. Onl other hmand(. the relative lae

angle exhibits a 1)redolnillalit leadinig error for ('FL values less thanl unity. thenl swvitchesý to

i )tltlt Iagggilig error for ('FL values greate.r than 2.

1.5



1.2-
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0.8-
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igure 1: Modulus of Amplification Factor 0.7.5 < CFL < 5.0
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0.0-
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Figurc 2: Relative Phase Error 0.73 < CFL < 5.0
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InI t. he ranPigc of (IL iiuini)er.s froni I to 2. lie, ivativc phlaseý angle cliange,> foinl a slight

toalagging e-rror accor-diiig to I he iu1cieasiiig WaVe nun111ibe. The dlossý-,ver

ol re~lati~v pliame anle-I from leadiiig, to .agiý rror takes place III the miid-ramwg of wave

nu1-tull~ aLL iii collst talius the disc.reacy ýZW -1to VeCldtIV- ION low t ilgut. KIk '111 a Wide Sj)(!(trUIl.

.\lo.-t lulport aiit lv. thli relative phasc (7101i-o I" iicnlyless,- thaii nio.st tunle- anld space-

((711ttc((,dl iiijI~l(it ,clcijeliei III thec high wave 11luiiber doil~ILd 5 .

lý)rthe 1 apprumO~l jiate, factored Imiiplicit sc11cilic, thle I IiipleIIwilit atloll of nlunuerical bounldary\

coti1ditlowis at thle interimediate- tiljlie itepl,- is moe cpiatdthan for thc -xj)Iidit methiod.

III the cas(.'ý %licii aln exact datt ului at thli artihic'al- boundary is knlowim. the lilt crnieliate,

valUe iiitI.st 1((7 (7Xtratd~4d fromi 1114 iie~t coti'secutive nuniericaI:d sweep). 'That I.- the boundary

WI14lit iouis of equ~ationls (22). (23), ald (2 1) mIusýt bV deriVed flroiii (7(jUatiOnsý, (2-5). (26). anld

(27) repect ivelv. wluics~as for: Othe e-xplhict calculatios thi'sise PS co0iIuupCleteh ehlllId~tC(I

Ov t he total 511111l jprotedture. Fot the ca";(. whecre a nlonlllectinig wave condition is5 requiredI.

lie iiIIhl valI 1017 ol ie iC 7ietrojoi the exitilig wave Is nImposedl. Thenl, anly error that

Iiia\ be IIIc-urred Is contibte bV the iiuisalilminent of' tile orientation of wave- 1)r170)a gati1011

and the cuoordinate direc:tionI. Ii prinuciple. this, error could be remedied by the -coordinate

tramusfor I ita t oul.



4. Discussion of Numerical Results

All(' ri11CUc~ fl a)E.il4 ral wered loll a5U11 4 d.- \dlaI.14 01.- ('i-teliu ,lar U IIi>11 Mlii

litc pli('5('it mcll:&1114loO%~ 14)r pffi(t. cal appjlicat 10Th-' to 111(111' c (14.lt1(ctri(: 1li(4"I~tid amIi li ltl\

cd 'iiiI )d9(Il4.' wIllI Ir I). lIA '( 144 iiitt UI)(- -,mlig I '[I4. I AnIi I I S' ID/!120 I XN \Ok t al IkoIl

Was S47 ('CI 15 v'lvto "CIV-iiclt4' ill 111U1114.'114 al I-1111.. VW 'i.1(tIV(i i\11IIIIu'r(dl vit i 'Iv II\*

of alt I14 ,tdi.41 1tti111411 ri c 1J4'( -V.S SIld Irc~ulcPýpoalY 1)4'S 4 \dllid A' I b.\ 11(7 coull lt of' dliti lli i ( 1.

o.) )4'Ut ~ills to )iocc'sS 114 Ow two(.1l1i, 1l101id I~ fici'1 Id tt d.

11 1" (-I.)\ lolls t hat tit 14'ujIwil 111 .'XjIici t 111471 io.I rcq('4 ' tIi t(~ 11' f('Cwc.'t alt Iiiii'4ical oJ41wra1 bus"

1o(4 olipicj1t(' at IiCýI po111t (d141Id biill~. Ilow4'vor.l 1114 tiapczodidl. co~lli'tci1 lltImplicit l1'1 hod

Io Id 10i lip1o.41c výI4.'St 11(01 flolil t 114' ,laI i 11ItY collit.Ii 14111 (.al'Ci 1110(4755ý (Ld att i f gir 4.7ter'

1ii114'11c (I AillS fa vorabl hk' 1Ic1 '14dI lead 11.11 wIll be4. cv\47 11114.rdliJI (llt WIvICI 1114 4 1j '14 ' IC114

1114"h ld ( d 14.' 57jauaktC" I)y a thIili coat illi- alid 114 th 111W' 514711 dllow4d '., 1 (111rolk'.1 b~\ I Ii'' l~ldll 'st

SlWtIdId (.1i111 .'ilSIOll. it~jO t44 (\dsI.ifdIab11 "' s 1l4 s1 .yse'l~l lot01.'I-(II.IIl4'(. 111l1liciicdI iC(Ill-4.l11 io .

I idl irpzllost j~0co.l'ItviA' ( 11[4'iit\ 111 hdcli hv 1141 11'lrIulercl(1II"

Jldl)14 1: A\iithllIii'tal O.pciationial (.Xiiiit of \ I.1IIIIC-i-dl Schv1l(c.'l14

JBa51 adlZ"rith 111 riff11111(tiCdil

Sinde(.-sth'p I J)winI. Explicit 5

Irapci~odila . (.owl~ss.'3tlt Imp1Jlic'it 10:3
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N tu11c1ld!I>Lt (Oljit ofiIl( 4, 24Otip's. F1in-t it 41' of oUli [jitteus.1iona 'AdV(_' III0 tlIll

cli icillatioll._t. lot ll t111( 1111111471-ld mo iodt 10.1> it it 1dfc of (17 L Vilm>C fiomi 0i. 7. to 2.0

1." p)U4'>4 '11147(1 II 14'[i t IV.A'! t>1 Of ('Xlj )I lti li'! ill Ij)l1iit ii 1(,71110.1>di il i\7.i 'd for i hcir

aI 43i'(4) [ 0) IiI1c [1 loj ) t1¶7,d uQIf i )4t4\ (11iol- (JlistU tlld('C ditId to qu.anit ik

paci- )lis ut ugdll Irun' li111(7 >4(0114 1.? uldip 1 atc.1 ill> PI t1'iil>ct( 1.dV(1 I- ia1.c1iligi 1CICl-Cj.1 i1V

`,i I4> I I t I1Ud ,().v l411,t! I \V It 11(it c4>~10IdI (:001 Ii l ud 4'> d i'iV jtcS t1o4(1 11147 llioi'rid 1(ul >Cl (:o>5il-

(11 jQls. Filidl tlY.11'1 (\ il 4ic 11C 11AIIIi'' 110(1> odie ar It)l)IlC( to it~il I0Caloclly 10lithidnl Xi Ri

1) 11 \V\A (A1 t)PrI )i1ti it II I"~ 414(71-0 1~1 iH'ILCt i(_' ti(.I(, I gCucittc LV at I lect,0 ti cr ri4 erndcia

t o t 11~ )Id IitI I 411f 1[di> t 4l> I . ' 'sd \. I I I I lls irjoI 11) 'Are iilt>. t he conlibinled effects of t sInII-

1A Id t p)4ttli~ 1,11 1 )i i 1141 i[ I t: lit wad1 1)101 itaiioi 111 fiirolugh it filii 1( couillp)Ud i onal ([oillainl die

hIFu vii4j, 3. t 1114 ('Ni1t (Ac4(I r [4:dL ti [J(74(c dcsitv o f it t uavchg11 wave, Is oomparý<[vd WIth1 l~lIw ni ixewI

r(7>I1lti> frouillil 111' id)(z01(ill co0ii515i(71i1 Imp~licit (PAl) and the ýSiliglv-stec) uIwiuI' c Xjplicii

S~~~~a ILt>1(7117 d 1w (11L vdliiv of 2. '1liis, is also the Ilailiumiihi allowdIbl(' tinlie :Ate that

call bc spccilicdl for 1 lic S' L,_V 1llciho(1. 1I1lce solutitotis' arelrseiv( at inlstanlces whenl a right-

ii1i1u111 wave fount 1-caches 11( tICiid-p)oint Of t1Ie Coul1 itiiiational doilainl (Fig. 3i') anld exit

th lieiuuliierical l~ounildrlV D47sjpectixvely ( Fig1 31)). "I'le diut I)ropCrty- Of the so11.1001i bV t11(7'

S(JL . 1(114 'clicilie dit> perfeci IralAitlsal onf t11e iniit ial valtic ill s5pace.. 'Ille (lisconii i10ol>

liloniig Nil47frouilt *.> apt urcd( jprcis"eiv by the'S i uiietliod but not by thle '1( ch'I .

\lIeilI theC illipulsc waVe fronIt n110%'es thrlough'l 111(7 Comp1utational (foillail. the `)I_' iiietllod

dtlplcilcaies 11(7, e7xact sýOlution at 47a'hi aiil( ev dv(isci'(timed p)oint (Fig 3Ja). Th'1's highly

(.l(7sirAV )l rOp(7rt\1'vo at i1-11iun~ierll>~ ý)utiliJ I'S not jpres'.rve(1, for general two-diil(iiciv~onal

comp1tittatlonis.lit cowitrast. tII lie soluionI of 'T(I ýschicnic ielded anl 8.4-perceAnt iax~iliiu1111

discrepancy fronm the exact solut 1011.

Ill spite of the fact that the 1(1 mlethod h~as no thio.'oreticiAl stability limiit onl the timei
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~t cp. t c1 ýII 11('re iuicrie IC itrcc \liC 15 '0lit YQIlI(1 'dI-) I 1142 Iilic 11 ep a12)ddo1 tV. III the prceselit III VC-S

igl (,itloll. th dc(1.'Sire(. wiitiiiriciil accuraclv call )', illpjrovcd l ) redluc-iig the (FL nuniber.
or 42(I I \dclitlI y d1l([ Idig "I'd 110(14.5 to 'c.o1 ve ~it'~1 \\~~lt1 vj~ W~~i~ w(F

\id LI unaltc(4 lidtgu, i F.vr 1. th 1w ellrildl(d .'pat ial resolutionl is achieved by chIa ngnigp t he

)&i4of the wave from 1i , to 2,-,. iis fa -ldouiblini" Ilie iiumibei' of liiodes ' i )pac from

IC5 to 91J. As, a (:ol.se~ju( Iic(. ed:hI wi'd\4 wlhl k4. rcolvc bY(. I.-) p)oints III (.0iilJpi1V1501 to the

)1'its22. d114.l I lic maixilnt11111IRTni~iwrca error at the sailcl ('FL vatlue of 2 limiinislie~s to at

Ilia lilt ukle o 0.1 . ý 1)ecciit . III c.'5S21c42k~. if the TC(' scieii has a s1itable suppor01ting 111C.'jl.

it. "wVater tt2Il,\1bIii. cxits III t42i111 )Oral evolutioni of acc~urixte. numerical results3. Byv virtueC

of th lle ( 1101 avdorablv stakll~ty plropertY thaii exp~licit tcli ile. a1( llowable tullie 5t(po 0

1l(.c impliticit ,clAicuic 61e)42ii(15 oiilv weaklyv o11 the! iiiesl spacilig. Thiis p~articular p~rop~erty

[)crillits i wac~ \vi'leic14-ste) m(.1k2c4 loll alild perhlap, wvill lead to at more 4AhIeKIlt. procedAure for

Fl1I'ure 5). tI C'il(.xct soli0io1i of' tile ehct idd ilI nest a(1oluton from the S1_iE

aiiid T(AI schellices arc plr42542ltC(I toge-therI for it (FL of 1.5. At this condIition, the p~erfect Alhft

doe.!5 nuot prevail for tile solutiol Vlia the(- S liE' Methiod att the _discontlinous wave front, (Fig 5a).

N ulner-ical Solu1toil.S IrOnI1 the(. two Inethod's Indicate dlistilictive behavior at the sin11gularity.

411e soQlutionl vli thle "BA Method ajpproaclles thle UnLI~I't urbe~ field 11nonotonliCallv while

lhe solution \id the SITB iciielod Yield1s all osiculatorly pattern iiear the finite j* umpl. AS thle

wave front pitssesý through the numierical doiiiaiii. thle solution b\' thle SUE m~ethodliindicatesý

at superior uieralaccuracy over the solutioni by the 1(A Schenin. The deviationi fromn

the exact result isLes thani 2-percent (Fig 5b).

The coilljparis.Onl of solutiows of 'SUE and 1(11 schemes- anld the exact solution for at siipj)I

wave with at period of 27, aud( (TI," of 2/ V3 Is presenited Iin Figure 6. 'fhe selected ('FL vaIlue

coincides with the theoretical limit, of the SUE method in three dimensions. Again. numeri-

cal error., at the slingular moving wave fronit are observed, but the numerical behavior of the
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t.wo iiictlio(15ý Vs Nees(f owv the! SI liE slutlion approachies tile unldi-sturbed fetklfield

iiioiiotoiiicalfv and th TiC '1( slultionl eXhibits' OSCIilltiOlsacos thIV jumpII With at nliaXlununll

inoriiialize'. d:(fircrphi~cv of1. percent (I'll (6a). IIn the enie(oniani (fowilistreanil of tile

wave front. t he Iiuiiiicl4-al errors. of bothi s hiiiisre Coiihined to it Illagii 1t Udf arouiid a

oneC- liunIdredth (if one( 1)(Trciit (Fl". ()b ). 'lrolulies 1col o~tiv th ~eOptiumui applicatio

raug9C Of heI 't( 'CIsC111nC for fii41 1IMICI-eiCal res.'oltlutio 4electromIagne~tic shlllllat ioll mlay

iA'51.Vid wit hini t he ( 11 va I,- Ii>d I)o\c ulit V.

III I"> nre 7. for the(- first tunec all IliuliiiriCal Solutio1ns &l\'elopcd~ InI the jpresenit analysis

are comnfpared with the eXaCt soIlution at at (LT of unit v. For thle trapezoidal linconsisbtent

imlplicit (111) sciii. hs(FL value ejisits I the na-XinIIII tnne step allowable fromi

tlie st abilitY~ amial v.sIs. of at hiicar Initital v.alue( s vs.teiii. Both solutmoiis of tile SITE and '111l

IIlet 110(1 osi s th sh-,Aift property aiid. t hus lproduICe 110 litiumeriCal err-or at the nilovinig waVe.

fronit (Fig) 7a). It ina~v Ice of ners to niote, that the 1I'l chvience Is (-)II\ oine- of a few

Imlpici t al',oritlimns t hat call I)IOdfUCe th( lie sImipl wave s-ollt ionl withI thle Shlift lpropertyv. Thie

sof ut iono '1(A 'CI sCheie aloneC shows' Ilkunerical over~shoot )recedfing anld (lis~si 1 ati ye error

trailin the. mnovilg waveW frout. As, antwiipated. solutions, of the Sý'E and the '11 sdhelel

reachief jperlect accordf with the(- eXact solution inl the- coniple)te soIlutionl domnain (Fig 71b).

IhC SOILItiOnl Of 1(1 sdcheme uniderpredicts5 the aliII)IitUdC Of waVe byý a Maxinlitun Of 1.7

leeitauilf contalins all Identifiable cafilig phiase error which has been verifie(I by Our

earheCr d1,Ciscusion Of FhgLure 2.

tIhe( last compi~arisoni of all numeinrical solutions is dfepicted In Figure 8, where the (FL

nlumlber is, aIignedf a value of 0.7-5. At the dfisconitinuous wave front, all ntnneirical simlulations.,

exhibit Oscillatory error across the junipI. The inumecrical errors normalized by the exact

wave, amplitude span anl extreme magnitude of 1.0.2. 10.9, amid 1:3.4 percenit reslpectively for

the SUE. 'I'l and( T(i1 schemesc (Fig 8a). III the lpostwave fronlt region, the soIlutionls by the

SI-T and 1111 schiemies are nearly identical (Fig 8a). The largest error is again exhibited l)V
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t.het( s.etealld at iuuitts to tis-, than 2 pot4nt. LI llwev&r. oXic should note011i, hat Ole

I (i I chemel is nuot n.~cuiiiiiiei.lde.I lit Ihils oa~, f (FL values ini practial appl~it inI. '1lw

dew v (elop)ed trap)(zoid.al cullsis'tclit impljlicit proced(ure niav Ibe critical fur iniproveIlleut

of niumierical effliciecy of elect roiliagnct ics silinulat ioii. OverallI. thc 1(1 sc-lielici i. NliI

tilt' I)(.st ClluICC Ior lurt~ler dCVelopn11Iet.

III Ot!h secoii.I group~ uf iluilleri(:al results.. the(- three niM11IierCa 1)ru(_'CdIlr(.`, areC CuAil 1 )W-0

fur at fpruja Itillo trnsI,_verse wave at an angle, ofl niciden"ce to the cuordijiatcs. hII all camses

stu[(ied. the exact solution of t lie incident wave was Lused tuowverspe~cifv numil ericalI buu-iidarvy

conditionsl1 of the<_ Initial value slvsteiii. 1.. nder thsconditioni. thelVll-)O.,s I*ssue maliy

arFise fur the! differeceic svstenr3 . 'The p~rescrib~ed exact wave solutionl al. the trunicated

I)uLIInlaries' mlay still appe)ar ats at pert urbation to the difference vte.'The j)ossj bilitY o f
sutanig cninuu ninerc lsuhtiunl iy awider Class. uf j)er'tkurbatiuns., to the Intia

data was asse'ssed here~. All solutions-I Wvere eVulvedA for inure, than a tliousani timeI stelps at

at (FL of unlity w hich corrcslpoildts tu miore than 22 cycles uf a right-runlning wave_. Thec

Uimplicit ,5CllcIlil'. are illultilple-stel) methlods v1hich require additIional literinle(iatc tcinjporal

data ait t he cuimputatiunal lbound~arv. theli inpljciilnctatiuii of thecse iiaterniediate- tenipural

dlata at the numeinrical boundaries for impflicit niletllodls (TII and "'1(1) was also invecstipatcd.

Fituire 9) de~picts a typ~ical electrical field initensity of a t ravelin wav acos the two-

dimensi"onal doniain at 15 degrees wvith reslpec to the x Coordiniate (resuilt of the 'ICI

Schemile). Nuinerical solutions of the three schiieme show conilarable feat urcs andI are_ nearly

Rdentic(al. lIt conliparisýoii with the Iirst-ordcr nlumericl I~oe(ue 1_ 10vsbedsiative

errors are(- observedl along' the wave crests.

In Fi,)iurc 10, the(_ L2 norms of calculated electrical field intenisity of the SUE1. THI. anld TCI

schemeis a-re given,. The mlaximumil discrepancy of the L2 niormn from the exact so5lutionl

belongs" to the S IET schentec with Ii amnagnit ude of 0.011. I'hie l)at te-rn of quas',i-phyvsical

errors e.xhibits- at svinmmieitric structure witht respect to the p)rincip~al axis of wave motion
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al, 1141 crior11 arc c1'41lu~t( 14.1 adlijil~elt to Ilic n111iiicrical hull1Pl~lda (Fi g I(i is'iilV

>1 )4X ilita it'll.1 of 111c t'xilt Mu'oilliol at t .lit-' 1)0114ll~lar iijpjMils wls it p'il laIiat ioil adIR doe4s nut

thel sutlut ioul % ~ial 111 Schciem 1 Nieb: ita ina.\imiumi L2 nouiiil lvwcr by onc 1ialf to. that of' tile

'*I L nii iottI to Fig, 10b h) - e I Ic t r lnurc of I I(Ilcii(' al erri rtis, .ý l$i IiIict 1ic to Iit' piiiicipiil axi.s

of th lwa \ViV4'jaf~j dat ion.11w4v:. i atl4'iili t ivc at triblutionl of thins peculiar V(-at urv to cit her

t he ii a.\ illlim L2 uor-ni ( U.002( ) j tist it fifth Iif t lie SL- F 1ict1104. 'the, dit ributioxi of (jtidi-

)ll\S~icl cl-lo1. is ,silllilair to th14. two trapllezoidall imlicJliit iiiethd as(1 d5 tpcoetd (Flig', 101).

bu t t14'sile Id 1. ii h-ltritet ill uiti: nerwal approxnulations. for tile TC1h i cllell( hastŽ, aiiied it it

5 lj)(T'ior ai-('ltt tililO OVC 111.' "I'lslt'ut ni t he t Wo-4ilII.Siitso~l~ll (illCUlaioltn.

I I .' (.11et'tt of iiitc.rilile(iitt' t.'ilipolll daitia imlemenltallttiton for the(- approxIimate factored

.>t(lclc(.)It( o ~iultioji accuralcy wcre isolatedA by caringVji out twIOotherwise l calcu-

liltioliSý with 4liller(.'ilt daita sesfor the intt'rmdiii'u te stme). A griltrtinninlg transverse "mc~t

iilii'Iat 60 4 1evv(s to t he xl-aisX "~ss bll~iltt'(hI b) thet T(O bdcht'ii. MNcriiieivil 14 41115

WCn'1('C0\(C'V't'4.l by IA.'pciltiiig, tihell tulile lve data at both thle lirst and thle filial nlu-

nicivar~~l sweepJs (Fg I Ia) aid by tl('ring the first sweep dlata fr'om the finial time level

ii." lindict'ittt ill our carlriel'riesii (Fig 11b~). These results demonstrate that applyling

rct')(.'titivclyl thle next timie le'vel data for both1 factored bwoljs Ilas iiiroduced greater errors-ý

tha h a6 alilSiijjnli the tleivt' (lita nevar (v0i1 1 )utatilOIail bOl)0u1(aries. The formler Iprocedure

15ý comolnilyllv usd illn ost comipuitationial fluidi diiani-ics p~racticees even for (livitcjady fluid1

2:Ivl.lii- 011pa oi~l11 t'il ciCl Stilbiliv and lidlity topl.s(,ilslvn

itjilildpitldiolt wcii poits i1act ccuil I diin 0il )leil'ediat Si.lltsolvn

fromn all app~jroximalte 1flctoret1 sclamil4.' is known to have no corrcsjponidilg lphlysical illealiling
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4 JICthaIiOul it 1iA'j fC1f04.11 14:4 114' to'a Lit's o jI. epyics .K

( jil ulae'.1('14 -'ci n l I4c~ '1(1 jul 'iicsi I i )Y byit(. S V1. I'll. ilnd 1(1 sd4:llelli arcd (k'1)ilct(l' III

Fi iu u 1 3. A Inuwholtl1iatic i 1)4IilI$1 ICi 4l'Si.Ui ( at 1147 Illiid 1 )olit of' thle (01111) tila-

tI onla I dot it t (I ij ý-2:3 w\ith I itorJ i I Iit IZC(d Wi\Vdv eI(III' t 11 u 2,-. it its ,3,\ sItched-- on at thIe

,ltiart of'Ili 011U14rc 1CU-l siiAII 1~(tIQ1.. A\ )tildl o (it 16 tiiii Act 'p we re takeni to allow the first

('14 44l-iCil wa\c \4 14) ý. thrli-o1li lie I rtiicatt'tl cuiiljtattiuolidl (ol~laill. 111(1elcfore. i1ll' VC veI

resullts- arc' (.il) lir144. whentclietc jeClat ivl% 4'iis . I ye IIV troug o li e 1 wave it('follt Impilact s uI)oH thle

lii llerca 10L11(ldi( 5.Like all pri47iolu5, uiie-dilicil"'u1iiso Cid C U:lit i~loll.',. (Cili WW\C jiadCkt Is

[4'51Mvvd4 1)1% 22 niodes. I(, 4:oiliarc t14 lirce Il-cIIIllielicatl 1('Csilt5' on)I an~ equal foo)t i11g. RiIlenicll

c:11outo147 \4 'Is wc'le used for t11(., isot vitia llic lots lii general. all luiI iierical _,iiilllat ioiiS'

iA'yeall si iii ila wwc4 struture IL4' 111 t hat aliso)(Alvalics110 forini liiarl colvxcentric cice.Small

([if ~ II [et'i4' it(11.' wave St51101141 il'(' arc 01IA prb Mdl i~uce(! Iby relative phase, errors of each Inl-

d it Ldul sling) sýcllclll. bi)ut 11he iiiost si"i~l~iclit dtlistortioui of wave\ shap)( 1I ecnIedt

lw'ci Liusc bti [A C 111(7 014-dII(_.liii )l4 IaIod (Aalrct(7IsI-,*iC lbultlnar~v ':ondil joni. 1117 St. iiitliod.

1)'iiwit sii1lev-stcl) expitit iitllud. prodL1'4!'d a niuch better defhnitioi of the electrical pul-

sýatol al1 atf 1114n' s)O l-ll 01c4. 1,11(c sp(.'(ilic b47liavior closwl\ resillbl(75 the nluinwical re~sult of

Anld(7rsoi1 Q11 aI 50 A) 5 1(71 s~sti(711 Al Iiilc Ic4le 45e 1ie~ 1iiae a lie o

ii 147511 refihilluei171 at 1114' siiig'i-ilar point. llowev(7r. tl'1(1 scPA ii :seeiiis_ to p~rodu~ce at 1(75s

walve disltort iolln hall T11 lii~l~dilhitCely adjacenlt to t11(.' trunIcated1 compr1L~itatiOiial bOu~lidarI(7s.1ý

Ill order to (.bllioiis:t late 1114' or(7dtc7r nutiii47rical efficl.iency of the(- T'"B schecie. thisl. jpr04(-
'lue lon ws l~lli~l o plsain pint soulrc(7 prolei ata('" alueC of 2. whi'ch i

Lillat tamlable by)% SITL anld 4Ill iitliods,. 111(7l p~oint 50Lurc( was, movedt to at corner of the_

CatClctlatoui domalini (10.10) anld the tralis\'ecrse, wave packet was 6till defined by 2:3 110(1(7

ill bothi coordinlates. 'The nIIumerical j~(ttOiof the l4:c ( trical h ld itensity Is displaveti

after anl arbiltrarily selected 120 tline stcp-,5. I'1he res.oLIUtion alt t1he 1)01111 source' appe)al's to

inarkedly iiImpro\'4 b~ut really I'S just highlighited by 111(7, (l(7nser Contour lees(Fig 11). A
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q idltatI C ju 1ijdIMJIwith Ii t hc known r* it ha:ts not hceen achieved at presenlt-ý 7.15

oil' onlui Isi1l 011C illiaX 01,C( 'rIs t hat t ic ijitijicrical arcilt iI(' oilisisteut with tile jIVO

~ ~~~deltcd lit I i-1urc 1:3. Ilie acc tumilatedI distort ionl of the radiating %wive. strucl(-

ture g~1ci(7[dtAd A bY itw oncu4i.-ljieiisionlal chiaracteristl' bcIoulw-YIa conlditions becoiiies lillon!

alatuovilgt\' p)Ol-ottncewd oil recot ilneai coordiuliates". part icularly'. ill view of the fact that the

)P!,esent lorijila~tlittji isý dcsigtied to satlisfy thc exac:t oiic-dili(Iieisonal characteýri~stics adil is1

CilpabAc of ahigiuiig1 thli coordinlates wit Ii the principal axis, of wave nilot ioU. thsrduc-

ing 014.e farhficld to it olic-(lilliiensional jproblenil. Ihiis, oI)ser%%at ioll rejliforces the urgenlcy to

coiiijdlcte I lie ilicorpor-at loul of coor-diiiate t ra 1i40hurniatitoll Into tihe tiew mlethiod.
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5. Conclusion

Nu~w t rapezoidal \vilidwadr~ imp1jlicit ba 1(11 seldSi Oni tile flux splittinig con~cep~t were suc-

cessf11-utly develýop i[ to solve the I imlc-domlaill Maxwvell cluatiols. "ile trapeuzoidlal consi.sten1t

iltipl)icit Schieiiic is- Liloiltjialstitll ulol tile hiIeai mitnitil VaIlKe Systeni mand prfOVide-

it gi7catel IluxiLi lit v dilt II[III iieiical eclicivilc\ 1o iiLIIIciicj('alV silntilatte elCtrIiiaglietic WaVe

pliiiiie~~*Applicd to two-dilIciieiioiia t pfOI)IC1U. tilie re(imtjxplicit c(iusgerel

s~olutions, withi all acc :uracy comparable to tile C.'ablishid explicit Inithiod alld allowedl a

£ý)reit(T 6t114. styl Wje to dlescribLu the tiniic-depundeit wave phenliuciinli.

The( full l)otclitial of" th 11(7 ýrscilt ci,1uiVuctor lorinul1.1atiOii is still iiot flully' CXj)lIrmd unltil tile

"-4.ueral coordinlate. trallsforillatioll is tunctionlu. By rcaliginmenit of tile coordinate to tile

puinlcipal wave Illot iol. the ejg(7'11\uc'(tor for-IiUlatiOii will bu uiihanccd by thu exact ailI "elM

posed 011(7-d(llcir~i(lsjiil. iio-rcilect 111 chareristic coildious oil truiicated caniPut at ionl

IjouIIdajies`_. In j)riiic'ij)lu. tile (7Xt(7115i0 of thle plrOCe(1tLrC to t1hW-iree-(l'imi~loIal -SYStenis'. is

f)o55ibIc but imay not Lu straightforward. EkRt is 1'ctjured to convert the jImsellt approx-

immae lactorud sh1e(n~iw to til(e orginal ADI miethod for temiporal accuracy.
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